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SOLUTIONS OF FULLY NONLINEAR ELLIPTIC EQUATIONS
WITH PATCHES OF ZERO GRADIENT: EXISTENCE,
REGULARITY AND CONVEXITY OF LEVEL CURVES

L. CAFFARELLI AND J. SALAZAR

ABSTRACT. In this paper, we first construct “viscosity” solutions (in the
Crandall-Lions sense) of fully nonlinear elliptic equations of the form
F(D%u,2) = g(z,u) on {|Vul # 0}

In fact, viscosity solutions are surprisingly weak. Since candidates for solu-
tions are just continuous, we only require that the “test” polynomials P (those
tangent from above or below to the graph of u at a point zg) satisfy the cor-
rect inequality only if |[VP(zg)| # 0. That is, we simply disregard those test
polynomials for which |V P(zg)| = 0.

Nevertheless, this is enough, by an appropriate use of the Alexandroff-
Bakelman technique, to prove existence, regularity and, in two dimensions, for
F = A, g =cu (c> 0) and constant boundary conditions on a convex domain,
to prove that there is only one convex patch.

INTRODUCTION

We study some properties of viscosity solutions of fully nonlinear elliptic equa-
tions of the form

(1) F(D*u,x) = g(x,u) on {|Vu|# 0}
or, more precisely,
F(DQUv z) = g(z, U)X{\vm#o) ().

Equations of this kind appear in several contexts. For example, the stationary
equation for the mean field theory of superconducting vortices, derived formally by
Chapman in [7], takes this form when the scalar stream function admits a functional
dependence on the scalar magnetic potential. In general, solutions are expected to
be C! or at least W?2P and satisfy the equation a.e. outside “patches” where the
gradient vanishes.

The time dependent equations of Chapman’s mean field model form a degenerate
parabolic elliptic system. Viscosity solutions of this system were investigated in two
dimensions by Elliott, Schéitzle, and Stoth in [§]. They also found special solutions
of the stationary problem.
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In two dimensions, for F' = A, ¢ = cu and constant boundary conditions on a
convex domain, there is supposedly only one convex patch.

In this paper, we first construct “viscosity” solutions of (1), in the Crandall-
Lions sense. In fact, viscosity solutions are surprisingly weak. Since candidates
for solutions are just continuous, we only require that the “test” polynomials P
(those tangent from above or below to the graph of w at a point xo) satisfy the
correct inequality only if |V P(xg)| # 0. That is, we simply disregard those test
polynomials for which |VP(z)| = 0.

Nevertheless, this is enough, by an appropriate use of the Alexandroff-Bakelman
technique, to prove existence, regularity, and the “one convex patch” theorem.

Existence of solutions of Dirichlet’s problem in an arbitrary domain € is estab-
lished given a continuous subsolution dominated by a continuous supersolution.
The continuity of the candidate for a solution is proved assuming that F' does not
depend on z. We believe this restriction has much to do with the method (Jensen’s
approximation), and it would be interesting to find a proof that releases it.

The first and main result leading to regularity is Proposition 5, which shows that
the solutions actually satisfy uniform elliptic inequalities with bounded right hand
side and no gradient restriction (see Corollary 6). This result allows us to apply
the powerful machinery of nonlinear elliptic theory and obtain the Alexandroff-
Bakelman-Pucci estimates, Harnack’s inequality and C* regularity (Corollary 7).
We also discuss W?2? regularity, using the notion of LP-viscosity solutions (intro-
duced by Caffarelli, Crandall, Kocan and Sviech in [4]).

In the particular case of equation Au = cu on {|Vu| # 0}, where ¢ is a positive
constant, we prove that u is C*'. The main tool is the monotonicity lemma of Alt,
Caffarelli and Friedman [I], and the proof is adapted from that of Theorem I in [5].
If the connected components of the set {|Vu| = 0} are isolated, the mathematical
problem becomes, locally, identical to an inverse problem treated by Caffarelli, Karp
and Shahgholian in [5].

Section 3 is devoted to the finiteness of the (n—1)-dimensional Hausdorff measure
of the free boundary. A couple of tools are needed and previously proved: the strict
positivity of nonnegative supersolutions and the quadratic growth of subsolutions.

We finish with an application to the equation Au = w on {|Vu| # 0}, on a
bounded, convex, plane domain € C R?, such that « = 1 on 9§2. We prove that the
interior of the set {|Vu| = 0} is convex (see Proposition 20). In particular, there
is at most one connected component of {|Vu| = 0} with nonempty interior; this
answers a question posed by C. M. Elliott. B. Kawohl has kindly told us that an
n-dimensional version of this result can be obtained using the methods in his book
7).

Before starting, let us give the precise meaning of (1): A subsolution is an upper
semicontinuous (u.s.c.) function u, u < co, such that the inequality

F(D*P,x) > g(x,u(x))

holds for any paraboloid P touching u from above at z, provided |VP(x)| # 0.
A supersolution of (1) is a lower semicontinuous (l.s.c.) function u, v > —oo,
such that the opposite inequality holds for paraboloids touching u from below with
the same extra condition (|VP(z)| # 0). A solution is simultaneously a sub- and
supersolution.

Throughout the paper, 2 denotes the domain of u, which is a domain in n-
dimensional Euclidean space. A and A are the ellipticity constants of F', which is
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assumed to be continuous and uniformly elliptic. Also, g is assumed to be contin-
uous. New hypotheses on F' and g will be imposed as needed.

1. EXISTENCE OF SOLUTIONS

The Perron-Wiener method has been used extensively by Ishii [I1] to solve the
Dirichlet problem by the viscosity approach. Boundedness of the domain 2 is
not needed, but we do assume that a continuous subsolution and a continuous
supersolution dominating the subsolution already exist.

In order to apply the Perron-Wiener method, we shall verify the usual properties
of the family of subsolutions (or supersolutions). The proposition below is a well
known result for elliptic equations. Its proof follows the classical pattern, but special
care shall be taken to deal with the condition on the gradient.

We denote by u* the upper semicontinuous envelope of a given function w, i.e.,

u*(z) = limsupu(z).
Z—X

In a similar way, we define the lower semicontinuous envelope
Uy (z) = iminf u(z).
zZ2—T
u* and u, are upper and lower semicontinuous respectively.

Proposition 1. Let {uy} be a nonempty family of subsolutions of (1) and put

U = SUp Ug -
«@

Then, u* is a subsolution, provided u* < co.

Proof. Let P be a paraboloid touching v* from above at some point zy. Assume
that |[VP(xg)| # 0. Fix € > 0 and put
Qx) = P(x) + 55|z — aof*.
By continuity of the functions involved, there is § > 0 such that for all x €
Bs(xo), the following assertions hold:

a) |[VP(z)| #0, |VQ(z)| # 0;

b) F(D?*P,z) < F(D?P,z0) + ¢;

c) g(x,r) > g(xo,u*(xo)) — ¢, for all r such that |r — u*(zo)| < %.
Now, choose 1 < §/2 such that

6>
|P(z) — P(xo)| < oA Vo € By(xo) .
Note that there exist an index a and a point &’ € B, (zg), such that
) 62
o (") > u*(zg) — e
Accordingly,
/ / . ed”
Q') ~ wala') < Q') ~u'(r0) + o
_ AN i r_ 2 5;;2
= P(2') P($0)+2A|£L' Zo] +16A



3098 L. CAFFARELLI AND J. SALAZAR

Since

Q) ~ ualw) > grle— a0l

the infimum of @ — u, is attained at a point x; € Eé/ﬁ. At this point, we have

F(D*Q, 1) > g(21,ua(z1))
and
[u”(20) — ua(z1)] < [Q(x0) — Qz1)| + Q(21) — ualz1)
<652+ € |2+652<13552
=T6A T oA TN TN S 16 A
By the ellipticity of F,
£
A
Putting all these inequalities together, we obtain
F(D?P,2¢) + 3¢ > F(D?P,x1) + 2¢
> F(D*Q,x1) +¢
> g(w1,ua(r1)) + €
> g(zo, u"(20)) -

F(D?Q,x) = F(D*P + —I,z) < F(D?P,z) +¢.

O

The following proposition is a first approach for solving the Dirichlet problem.
It will be refined below under additional hypotheses on F' and g.

Proposition 2. For any given continuous subsolution v and a continuous super-
solution v such that v < v, there exist a function u, v < u < U, such that u. is a
supersolution and u* is a subsolution.

Proof. Denote by u the supremum of all continuous subsolutions less than or equal
to v. By Proposition 1, u* is a subsolution.

To prove that w is a supersolution (u = u., since u is the supremum of continuous
functions), let P be a paraboloid touching u from below at a point xg, such that
|V P(x0)| # 0.

If u(xp) = D(z0), then P touches ¥ from below at xg. Consequently, F(D?P, )
< g(wo, u(x0)).

Now, suppose

u(z0) < T(xo) and F(D?*P,xq) > g(wo, u(zo)).
Let
a= F(DZ-vaO) - g(l'o,u)

and choose 61 > 0 and v > 0 such that for all x € Bs, (zo) and |r — u*(z0)| < v, we
have

g(z, 1) < g(wo, u(xo)) + %

and

F(D?P,z) > F(D*P,2¢) — a/3.
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Let d2 > 0 be such that for all x € By, (o)

a v
Pz) — Plao) — — |z — 22| < Z.
(@) = Plzo) = gl —zol”| < 5

Then, for |G| < v/2, the paraboloid

Qx) = P(x) ~ gxla — wol* +

is a subsolution of (1) in Bs, N Bs,. In fact, by the ellipticity of F' and the above
inequalities, we get
F(D? :F(DQP—iI )
(D*Q.2) I

> F(D?P,z) — =

3
> F(D*P,xg) — 2a
(zo,u(wo)) +
(z,Q(x)).

Wl w

=g
=g

The last inequality holds because
a

Q) — ulao)] = |P(a) — Plao) — o

To reach a contradiction, we shall construct a continuous subsolution less than
or equal to v and strictly greater than u at xg.
First we choose v > 0 and d3 > 0 such that

U7—P>% on Bs,(xg).

|z —zo|?| < v.

Now let § = min{d1, d2,d3}. By the axiom of choice and the compactness of 9B,
there is a continuous subsolution v < v, such that

ad?
_p>_27
v-Pz-5n

Taking § < min{r/2,, %}, B > 0, we see that the function
w(z) = v(x) vV Q(z), x € Bs,
U({E) ) z ¢ Bs,

is a continuous subsolution less than or equal to T, and w(zg) > u(xo). This is a
contradiction. g

on 0Bjs.

A most natural question is whether the function u above is actually continuous.
We answer this question under suitable additional hypotheses.

Proposition 3. Let v and T be the two functions in Proposition 2. Suppose that
Qo ={2xeQv—-—0v>0}

is compact for all o > 0.
We also assume at this point that F' does not depend on x and that for any given
compact set D C Q, there is ¢ > 0 such that for all x € D, allrT € R, and all h > 0,

glx,r+h) > g(x,r)+ch.

Then, there is a viscosity solution u such that v < u < 7.
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Remark. By Proposition 2, taking u equal to the supremum of all continuous sub-
solutions less than or equal to T, only the continuity of v remains to be proved.

Before going into the proof of this proposition, we need some notation and prop-
erties of Jensen’s approximate solutions.
Suppose there is a point xg € {2 such that
w*(xo) > u(xo);

otherwise, u is continuous and there is nothing to prove.
Following Jensen’s idea, define

1
uf(z) = sup {U*(y)+6— —Iy—xIQ}, z €y
yEQa €

where « is a positive constant, whose precise value will be fixed later.

Jensen’s approximation of a continuous solution enjoys many nice properties; a
list of them can be found in the book by Caffarelli and Cabré [3], p. 43, Theorem
5.1. Suitable versions of those properties, adapted to our case, are listed below. We
omit the proofs since those given in [3] work with minor changes.

a) u® is a decreasing family of continuous functions.
b) Let f be a continuous function such that f > u*. For each 3 > 0 there is an
go > 0 such that

u® < f+06 on Qo Ve < eq.

c¢) There is a point 2’ € Q, such that
1
uf(x) = u* (') +e——|x—2|?.
€
d) The point ' in ¢) satisfies

lv —2'|* < esup(s —t).

a

Now, we can state the key fact in the proof of Proposition 3.

Lemma 4. Under the hypothesis of Proposition 3, for each § > 0, there exists an
g1 > 0 such that for all € < g1, the function u®(x) — § is a viscosity subsolution of
(1) m QQO,.

Proof. Let P be a paraboloid touching u® — § from above at a point g € Qa4
Assume |VP(zg)| # 0 and define

1
Qx) =Pz +xo—2')+ 6+ —|xg —2']* —¢.
€
Then, one readily verifies that

1
u*(z) <u(z+zo — ') + g|xo -2 —e<Q(x),

and
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Hence
F(D*Q) = g(a',u*(2"))
1
= g(', u (o) + —|wo —2|* —¢)
> g(2',u(z0) — 8) +c(6+ §|fc0 -7 —¢),

provided 6 + L|zg — 2’| — ¢ > 0.

By d), since 0, x I (where I = {r € R; infq, v — 0 < r < supg U+ 1}) is
compact and g is continuous, we can find £; > 0 such that for all € < g1, |z¢ — 2|
is small enough and we have

g(#',u®(wo) — 6) = g(zo,u’(z0) — 6) — ¢ g

Consequently, for €1 < §/2, we arrive at

F(D*P) > g(zo,u(z0) — 0).

Proof of Proposition 3. Let 6 = u*(xo) — u(xo) and fix 9 > 0 such that
ut <v+6/3 on Qys/s, Ve < ep;

see property b) above. In addition, by Lemma 4, let ¢ > 0 be such that the
function u® — § is a continuous viscosity subsolution of (1) in Qy;/3.
Then, for ¢ < g A €1, we have

1) uf(xo) — 3 > u(xzo) +e¢,
11) u — 9 S 7 in 925/3,
iii) u® — 6 <<T—20/3 =w on 0y;s/3.
This in particular implies that the function
w(z) = (u¥(2) = 0) Vu(z), z € Qapys,
v(z), T ¢ 926/37

is a continuous subsolution less than or equal to T and w(zg) > u(xg). This leads
to a contradiction. O

2. REGULARITY OF SOLUTIONS
From now on, we assume that
F(0,2)=0 VreQ.

The following proposition shows that the solutions of (1) actually satisfy uniform
elliptic inequalities with bounded right hand side and no gradient restriction. This
result allows us to apply the powerful machinery of the nonlinear elliptic theory.

Proposition 5. Let u be a continuous supersolution of (1). Then,
F(D*u,x) < g* (z,u)

in the viscosity sense.
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Proof. Assume that there is a paraboloid P, touching u from below at a point z,
such that

F(D?P,z0) > g" (20, u(x0)) .
Since u is a supersolution of (1), we must have |VP(zp)| = 0. Now, put
a = F(D2P5 J)Q) - g+($0, U(l‘o)) ’

and fix ¢ > 0 such that for all x € Bs(zo)
9 4 3a
F(D va)zg (xoau(xo))—i_Za

and
Define

If Q is a paraboloid touching v — Py from below at x € Bs(xo) such that
VQ(z) # -VPi(z),
then
F(D?Q + D?P1,z) < g(x,u(x)).
By the ellipticity of F,
F(D?P,z) < F(D2P,,z) + %
and
F(D*Py,z) < F(D2Q + D*Py,z) — M~ (DQQ, % A) .

Here, M~ denotes Pucci’s minimal operator defined (for 0 < A < A fixed) on the
set of n X n real symmetric matrices by

M= (MAA) =AY e+ A e
e; >0 e; <0

where the e; are the eigenvalues of M. We will also make use of Pucci’s maximal
operator, defined by

M+(M,>\,A) :AZ;OeHAZ;Oei.

From this, we obtain

N

M (D, 2, 8) < gl ulw) — g (w0, ulo)) -
<-7.
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In particular, if @ is affine and touches u — P; from below at a point z € Bs(zo),
then

(2) VQ(z) = =VPi(z).

Now, consider the convex envelope of u — Py on Bs(xg), denoted by I'. By (2),
there is a unique supporting plane at each point of the set {z;u — P, = T'}. In
particular, I' is differentiable at the contact points {z;u — P, = T'}, and

VI =-VP on {z;u—P, =T}.
Since T is convex, for all z,2" € {u — P, =T},
(VI (x) — VI(2'),z —2') > 0.
Then,
(3) (VP (z) — VP (2"),z —2') <0.
On the other hand, since F(0,z) =0,

./\/l"’(DQPl7 %,A) > g% (0, u(zo)) + %Ta >0.

This implies the existence of a coordinate system in which P; is strictly convex
with respect to the first variable. In particular, it is not possible to find two
contact points z, 2’ € {u — P; = I'} that differ only by the first component, since,
by convexity, the scalar product in (3) would be strictly positive. We conclude that
{z;u — P, =T} is a closed graph in the x; direction and has Lebesgue measure
equal to zero.

Since u — P; > 0 on 0B and u — Py (xg) < 0, there is an n > 0 such that

VI {z;u— P, =T}) D B,(0).
Then

|B,(0)] < / det D’T' =0,
{u—P, =T}
which is a contradiction. O
Using a similar argument, we can prove the subsolution version of Proposition
5. If w is a continuous subsolution of (1), then
F(D?*u,2) > —g (x,u)

in the viscosity sense.
For future reference, let us state the following corollary,

Corollary 6. If u is a solution of (1), then
(4) —g (z,u) < F(D*u,z) < g* (2, u)
in the viscosity sense.

Denote by S(A, A, g) the set of supersolutions of the corresponding Pucci’s min-
imal equation with right hand side equal to g, and by S(A, A, g) the set of subsolu-
tions of the Pucci’s maximal equation. Put S* = SNS. The following properties are
straightforward applications of Pucci’s extremal operator theory; see [3], chapter
2.2.
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Corollary 7. a) Ifu is a solution of (1), then
—(A A A
weS(2,A.67)n8(2,8,-g7) € 5°(,A191).
n n n

b) Alexandroff-Bakelman-Pucci estimate:
Let u be a solution of (1) in Q = By (a ball of radius d). If u > 0 on 0By,

then
1/n
supu < Cd( / <g+)") |
By Bdﬂ{u:Fu}

where C' is a universal constant and I',, denotes the convex envelope on Bag
of the function equal to —u™ in By and zero on Bag \ By.

¢) Harnack Inequality:
Let Q = Q1 be the cube {max |z;| < 1/2}. Denote by Q15 the concentric cube
with sides half as long. Suppose the function § : x — g(x,u(x)) is bounded.
Then, there is a universal constant C such that for all solutions u in Q1,

u > 0, we have
L"(Ql)) :
d) C® regularity:
If u is a solution of (1) in Q = Q1, we have:
i) For some universal constant 0 < p1 <1,

sup u < C’(inf u+||g]|
Q12 Q12

Oscu < puOscu + 2G|l (q,) -
Q1/2 Q1

i) There exist universal constants 0 < o < 1 and ¢ > 0 such that u €

Ca(@l/Q) and

llloe@, ») < € (s + I3l ) -

Let us briefly discuss W?2? regularity. To this end, we need the notion of LP-
viscosity solution, introduced by Caffarelli, Crandall, Kocan and Sviech in [4].

Remark. Thanks to a priori estimates found by Caffarelli [2] (extended later by
Escauriaza [9]), leading in particular to a generalized maximum principle for strong
solutions, (4) also holds in the sense of LP-viscosity, for all p > n; see Proposition
2.9 in [A].

Corollary 8. If F is concave and independent of x, and if there exists a constant
K such that, for all symmetric matrices A and all 0 < § <1,

|F(6A)| < K|F(A)],

then a solution u of (1) is in W2, and (4) holds for a.e. x € Q.

loc ?

Proof. As remarked above, (4) is also verified in the sense of LP-viscosity (p > n).
By Theorem 3.6 in [4], pointwise a.e., u is twice sub- and superdifferentiable. By
the generalized Rademacher-Stepanov theorem, u is twice differentiable a.e.; see
[6] and [T3]. By Proposition 3.4 in [4], (4) holds a.e. In particular, F(D?u) € LP.
By the existence and uniqueness result of Corollary 3.10 in [4], u is an LP-strong
solution and u € WP for all p > n. O

loc
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By Corollary 8 and direct estimates of the Green function, viscosity solutions of
(5) Au=cu in {|Vu|#0},

where c is a positive constant, are in C'®. To improve this result, namely, to prove
u € CH1) we use the monotonicity lemma of Alt, Caffarelli and Friedman [1] in a
way already exploited in [5] (see the proof of Theorem I in that paper).

Lemma 9. If u is a viscosity solution of (5), then u € Cb1.

Proof. We obtain a Lipschitz constant for Vu if the second partial derivatives of
u are uniformly bounded in B, /4(z0) N {|Vu| > 0} for all zg € 0{|Vu| > 0} N Q
and rg > 0 such that B,,(z¢) C 2. For this, it is enough to show the existence of
a constant C such that

(6) sup |u(z) — u(xg)| < Cr? Vr <rg.
Br(x())

In fact, for all x € B, 4(20) N {|Vu| > 0}, putting r, = dist(x, 9{|Vu| > 0}),
we have then

|u(z) — u(z)| < Cr,2.
Define

u(l‘ + T:Cy) - U'(xO)
2

v(y) = Vy € B1(0),

Tz

Note that v is bounded on the unit ball and satisfies Av(y) = Au(x + r,y). By
elliptic estimates, D; ;v(0) = D; ju(x) are uniformly bounded. O

We will prove (6) for the sequence r; = 27%ry (which is enough). The proof will
be done in two steps.

18t Step. Define

M= swp Ju(e) - ulzo)l.
z€By, (T0)

We can assume that there is a sequence i; — oo such that
AM;, 41 > M,

(if there is not such a sequence, (6) is proved). Suppose (6) already fails for the
sequence %; defined above. Taking a subsequence if necessary, we can always assume
that

(7) My, > 2%
Define

u(wo +27%x) — u(zo)
Mi; 1

uj(z) = Vz € By = B1(0).



3106 L. CAFFARELLI AND J. SALAZAR

Then
. c — 24 CMoM; . c
i) |AYj]loo,B < AA//II?J2+1 i< jMinJ <4 jMo -0,
11) SuprBl/g |’LLJ(J?)| = 17

i

i) Jluglloo.5, < MM+ <4, and
iv) u;(0) = [Vu; (0)] = 0.

Then, there is a subsequence of u; converging in C**(B7) to a nonzero harmonic
function ug satisfying uo(0) = |Vuo(0)| = 0. This follows from the compactness and
regularity properties of harmonic functions (Gilbarg and Trudinger [10], Theorem
8.32), coupled with the uniform regularity of the u;’s, and the construction of the
correcting term w (in (8.82) in [10]) that shows that the limit is harmonic.

Now, fix a unit vector » € S"~! and denote by uj,, the directional derivative
of u; in the direction v. By the monotonicity lemma ([I]), since w, ™ and w, ™ are
subharmonic on By, (xg) and wu,(zo) = 0,

1
o / |V, *|? / [Vu, " P < C,

B, (z0) B, (z0)

where C' depends only on the W22 norm of u on B, (7). By a change of variable
(treating C' below as a generic constant that may change from line to line),

9. 4 —2i;\ 4
/|Vuj,u+|2/|vuj,y|2<0(2 2t > <C(2 21) .
3 M1 M;,

B1

By Poincaré’s inequality and (7),

Jrwsat = mP [l =myP < cima
Bl Bl

where mT are the meanvalues of ujﬂ,i respectively. Letting 7 — oo, we get

J
/ g+ — mi / gy~ —my P =0
Bl Bl

Then, either ug, T or ug, ~ vanishes identically. Since ug, is harmonic, ug,,(0) = 0
and ug,, does not change sign, ug,, vanishes identically. Since v is arbitrary, uo =
uo(0) = 0, which is a contradiction.

Then, there is a constant C' such that

(8) M; <C27% Yiel=/{icN;4M; > M;}.
274 Step. Now, suppose that there exists an integer 4 > min I such that
M; > 40272 .
For the first ¢ with the above property, we must have
M;—y <4C27207D = 160272 < 4M;.
Then, i — 1 € I (I was defined in (8)). By (8),
M; < M;_y < C2720-D — 4022

This contradicts our assumption. O
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Remark. One can show that €' depends (linearly) only on supp,_ () [u(z) —u(zo)l,
but for simplicity and because in this paper we only need the regularity of u and
not the estimates for the C1'! norm, we decided to prove (6) for a given u.

3. HAUSDORFF MEASURE OF THE FREE BOUNDARY

We start by establishing two technical lemmas needed to prove the finiteness of
the (n — 1)-dimensional Hausdorff measure of the free boundary (Proposition 13).

Lemma 10. Let u > 0 be a viscosity supersolution of
M~ (D?*u, A\, A) = cu(z) .

Then u >0 oru=0.

Proof. Fix a point x such that u(zg) > 0 and put

= inf .
v(r) xeg},(mo) u(z)

Since M~ (D?v, A\, A) < cv and v, is negative,
1
Ay + (0 — 1)A;v,« < ev(r)

in the viscosity sense. In particular, since v(0) > 0, v cannot vanish for r < rg =
dist(xg, 09). O

Lemma 11. Let u be a viscosity subsolution of
9) MF(D?u) = ¢ in {|Vu| # 0},

where ¢ > 0 is a constant. Let xy € Q0 and assume there is a paraboloid P, touching
u from above at xq, such that |VP(xzo)| # 0. Then,

(10) sup  u(x) > u(zo) + %73 , for all r < dist(zg, Q°).

zE€Br(z0) A

Proof. Fix a < ¢ and put
a
2nA

The supremum of v is attained on 0B,. In fact, if z; € B, and

v(x) = u(z) — u(xo) |z — o).

v(zy) = Sélé) v(x),
TEB,.

then the paraboloid
a

Q(z) = v(z1) + u(wo) + ML’U — zo?

touches u from above at x7.
If x1 # xo, then |VQ(x1)| # 0. By (9),

a:/\/ﬁ(%I,A,A) >,

which, by the choice of a, is a contradiction.
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If 21 = ¢, Q touches u from above at zg. We cannot conclude directly, because
[IVQ(z0)| = 0. But, by hypothesis, there is another paraboloid P touching u
from above at xg, such that |VP(zg)| # 0. Using these two paraboloids, it is
easy to construct a third paraboloid P, touching u from above at xg, satisfying
|V Py(z0)| # 0 and such that

MFT(D?*Pi,\A) <a,
which is a contradiction again.

In particular,

ar2

2nA —
Since a < c is arbitrary, the lemma is proved. [l

v(z1) = u(r1) — u(xo) —

Remark. By approximation, (10) is true for all zy in the closure of the set of
points for which there is a paraboloid P, touching u from above at xg, such that

[V P(xo)| #0.

Corollary 12. Suppose u € C1(Q) is a viscosity subsolution of (9). There exist
two positive constants €9 and cg, depending on ¢, A, n and the Lipschitz constant of
Vu (denoted c1), such that for all zo € 0{|Vu| > 0} NQ, for all r < dist(zo, Q2°),

‘{|Vu| > eor} N Br(xo)} > cor™.

Proof. Assume, without loss of generality, that u(xg) = 0. For all z,2’ € B,(zo),
lu(x) —u(x')] < crrle — 2.
Let x1 be some point in B, where supg_wu is attained. Then, for all z € B,.(x0),

lu(z)| > %LAﬁ —crlr — ).
Putting p = c¢r/6nAci, the above inequalities become:
i) |u(x)] < er?/6nA in B,(xo).
i) |u(z)| > cr?/3nA in B,(z1) N B,(z0).
Denote by u, the directional derivative of u in the direction
T — X0
o — ol
Let x,2' € B,(zo) be such that 2’ — z = Av for some positive A. Integrating u,
along the segment [z, 2'], we obtain

u(x) —u(z') = / uy dv < erle — 2’| + err |{|Vu| > re} N [z,2']] .
[@,2]

Take g9 = ¢/12nA. Denote by H,(zo) the hyperplane zg + {(x — z¢) - v = 0}. If
x € Hy,(xo) N By(z0) and 2’ € B,(z1) N 0B, then

cr
ok S {IVul > re} Nz, 2] .
The result is obtained by integrating both sides of this inequality on the disc
H,,(:L‘o)ﬁBp/Q(iL'o). O

Notation. H,—1 denotes the (n — 1)-dimensional Hausdorff measure.
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Proposition 13. Let u € CY1(2), smooth in {|Vu| > 0}. Assume that in the set
{|Vu| > 0}, u satisfies:
(11) i) Au > ¢ and
ii) [V(Au)| < M,
where ¢ and M are positive constants.

Then, there is a constant h, depending on ¢, n and the Lipschitz constant of Vu
(denoted c1 ), such that for all balls B, C §2

(12) H,—1(0{|Vu| >0} N B,) < hr" 1.

Proof. Denote by u; the partial derivatives of w in the j coordinate. For ¢ > 0,
define

uj = (uj A ere) V (—ere) .

Since {u; = 0} N {|Vu| > 0} has null measure (unless u; vanishes identically),
we have

Vu; - Vuj = %ir% / Vu; - Vg,

{IVu|>0}NB, DfﬂBr

where DJC- = {Ju;| > ¢}
Applying Green’s theorem, since 5‘D§-ﬂ(3‘Br has zero (n—1)-dimensional measure,
we obtain

Ou; ou;
e __ 0 € J . € J ., €
/ Vu; - Vu§ = — / Aujus + S+ S
DSNB, DSNB, dB,.ND; B,NdD;
The last integral is negative, since
B uj; = —(|Vuy| on B,NID;.
Then

/ Vu; - Vu? < Meyer™|By| + e 2er™ o,
¢
D$NB,

where o, denotes the measure of S"~! and | B;| the measure of the unit ball.
By (11), for any (economic) cover of 9{|Vu| > 0} N B, by e-balls centered on
O{|Vu| > 0}, with finite overlapping, we have

< ?‘{0< Vu| < c1e} N B,
0

)

N
"N < Z%‘{Wm >eeo} N B;
i=1 0

where B; denotes the balls in the covering, IV is the number of balls and m is the
maximal number of overlapping for economic covers.
Since
2
Vuj - Vuj > |V

{|IVu|>0}NB, {0<|Vu|<c1e}N B,
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and

[ V)

1 c
2 2112
E Vu;l“ = ||D > —(Au) > —
: |V | [ Dull5 > n( u) > "

J
we get

2
Z / Vu, - Vu§ > Cg‘{0<|Vu| <cefNB,

I {|Vu|>0}nB,

All these inequalities together give

2
_ mn-ci _
e" "IN < M|By|r + cio, )r™ 1.
coc?

O

Corollary 14. Let u # 0 be a nonnegative, viscosity solution of (5). Then the
(n—1)-dimensional Hausdorff measure of the free boundary (0{|Vu| > 0}) is locally
finite and satisfies (12) (locally as well).

Proof. By Lemma 9, u € C%!(Q). By Proposition 5 and Lemma 10, u > 0 in Q.
Since u is smooth on {|Vu| > 0}, we can apply Proposition 13 and get (12) (h
depends locally on inf u and sup |Vul). O

4. CONVEXITY OF THE FREE SET IN A PLANE CONVEX DOMAIN

Before treating the two dimensional case, we need some technical tools that work
in higher dimensions as well. We start by giving a definition.

Definition. Given a ball B C R™ and a cone V C B¢, with its vertex at a point
T € OB, we say that V' is non-tangential to OB at xo if the hyperplane H tangent
to OB at xp does not intersect V' \ {xo}.

Lemma 15. Let v > 0 be a Lipschitz-continuous, subharmonic function. Suppose
there is a ball B such that B C {v = 0}, and fiz a second ball B' C Q, concentric
with B.
Denote by w the harmonic function in B’ \ B equal to 1 on 0B’ and 0 on 0B.
Fiz xy € OB and define, for any § > 0 such that Bs(xzo) C B,

as =inf {a > 0; v < aw in Bs(zg) \ B} .
If
(14) = irélfoz(; >0,
then for every cone V. C B¢, non-tangential to OB at xq, there is r > 0 such that
v>0 in VNB.(x).
Proof. There is a constant a > 0 such that for all sufficiently small p > 0,
w>ap on 0B,(xo)NV.

If the conclusion fails, there is a sequence {z,} C V, z, — =g, such that
v(x,) = 0. Let
apa

Tn = |Tn — x| and p, = 2—rn.
Cc1
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Denoting by ¢; the Lipschitz constant of v, we have
v < %rn in B,, (zn)\B.
For any o > «y, there is an n such that
v<aw in By, (x9)\B.

By the maximum principle,
apa
(15) oaw —v > %rnvn in By, (zn)\ B,

where v,, denotes the harmonic function on B, (zo) \ B equal to 1 on 0B, (z¢) N
B,, () and zero elsewhere on the boundary.
Let w,, be the harmonic function in B, (zo) \ B equal to 1 on 9B, (x¢)\ B and
0 on OB N B, (xg). Since there is a constant b > 0 such that
(16) w(z) < blz — zol,
then
w < brpw, in B, (x9)\B.

Dividing (15) by this inequality, we obtain
@ v a U .
———>— — in B, (z B.
ag  aow — 2b w, ra (@0)\
By Harnack estimates valid till the boundary, there is a universal constant Gy > 0
such that

> By in By, (#0)\B.

W,
Then

US(@—%Obﬁo)w in By, (z0)\B.

a
ozz(l—l—%)ao,

we get a contradiction. O

Choosing, for example,

Corollary 16. Let u # 0 be a nonnegative, bounded, viscosity solution of (5).
Denote by u, the directional derivative of u in the direction v € S"~1.

Fiz g € 0{|Vu| > 0} N Q and assume that there is a ball B C {|Vu| = 0} such
that xg € OB. Denote by n the outward normal vector to OB at xg.

If (v,m) > 0, then for any cone V C B¢, non-tangential to OB at xq, there is an
r > 0 such that

uy, >0 in VN Bp(xg).

Proof. Since u) is subharmonic, by Lemma 15, all we need to prove is (14). By
(16), this reduces to showing that there is an g9 > 0 such that, for all » small
enough,

sup Uy, > €or.
BT(”O)
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Since (n,v) > 0, there is a constant v > 0 (depending on (n,v)) such that for
all small r, any point « € By,(zo) can be joined to B by a segment parallel to v,
contained in B, (zg). The length of the segment is less than r.

By Lemma 10, v > 0. Then, locally, u is a subsolution of (9) with right hand
side equal to cinfu. By Lemma 11, there is a point z1 € dB.,-(z¢) such that

u(xy) — u(zo) > ZnLA'yQTQ X Bin(ig)u.

Denote by I, the segment, parallel to v, joining z; to a point on dB. Since
u = u(xg) on B, then
¢ 22 .
——y“r® x _inf ug/ Uy dr <1 X sup u, .
2nA By (o) Iy Y B,(z0) Y
O
Corollary 17. Let u be a non-vanishing, nonnegative, bounded, viscosity solution

of (5). For any v € S"~1, for any compact connected component K of {|Vu| = 0}
such that K° # () we have

Kn{u, <0} #0 and Kn{u, >0} #0.

Proposition 18. Let  be a bounded, convex domain contained in R?. Let u be a
viscosity solution of (5) such that u € C(Q) and u =1 on 9.

Then, there is at most one connected component of {|Vu| = 0} with nonempty
interior. Besides, this component is convexz.

Proof. Tt will be done in two steps. We first prove that any connected component
of Q\ {|Vu| > 0} is convex and then we prove that there is at most one component.

Note. By Hopf’s lemma, {|Vu| = 0} is compact. By the maximum principle, for
all v € S™~1, the sets {u, < 0} and {u, > 0} are both connected.

15t Step. Let C be a connected component of Q\ {|Vu| > 0}. We shall prove that
C is convex.

Fix two points zp and z; in C and put 7o = min{dist(zg, C¢), dist(z1, C¢)}. Then,
for all z € [zo, 1]

B, (z) C C.
In fact, if this fails, there exist ' < ro and 2z’ € [z0, z1] such that
B (Z)NC*#0.
Let 7(z) be any affine function on the segment z € [zg, 2'], satisfying
' <r(z0) <ro and r(z’)=1".
Then, there is a first point z” € [z0, z1] (going from zy to z1) such that

B, (:")nC° £0,

where r = r(z").



PATCHES OF ZERO GRADIENT 3113

Define
Z1 — R0
V= —
|21 — 2o

and denote by 7 the outward normal vector on dB,.(z") at a point z§ € B,.(2")NCe.
Note that

(n,v) >0.

By Corollary 16, there are a cone V', with vertex at 23, and a p > 0 such that
Vot N B,(24) € {u, > 0}.

In a similar way, we can find a point z{ and a cone Vi' with vertex at z{ such
that

[21,21[C C and Vi' N B,y (21) C {u, > 0},

for some p’ > 0.
Let 2 and 2? two points satisfying
[2,2[ C C and 20 € {u, <0}, i=0,1.
;]
7
] (i =0,1). Join z{ to 2§ by a piecewise affine curve I'y in {u, > 0}.

Join zg to z; by a piecewise affine curve T'y contained in C, disjoint from [z;, z
and from [z;, 2}
The curve

I'=ToU [z, 2] UTL U2, 20]

is a closed Jordan curve. By the minimum principle, the interior of I" is contained
in {u, > 0}. Then, 2 and 2? lie in the exterior of T

On the other hand, since zJ and 2 are linked to I' by the segments |20, 23] and
[21,2)] respectively, which lie on opposite sides of T', zJ and 2{ are in different
components. This contradiction proves the claim.

Remark. A similar argument shows that C' is equal to the connected component of
C in {|Vu| = 0}.

274 Step. Suppose there exist a connected component K of {|Vu| = 0}, different
from C, such that for all v € S"~1, both sets K N {u, < 0} and K N {u, > 0} are
not empty (if K° # @, then, by Corollary 17, K satisfies this property).

Notation. Denote by v+ the 7/2 anticlockwise rotation of v. Define the north pole
of C (with respect to v) by

Px(v)={Ce€dC; VzeC, (z—(vh) <0}
and the south pole by
Ps(v) ={C€dC; ¥ zeC, (z—(vh) >0},

Let {|Vu| = 0}°" denote the closure of the interior of {|Vu| = 0}. The set

Flv) = ({u,, S0 nTa < 0}) U{|Vu| =0}~

is connected, and F()\C has exactly two components, one adherent to Py, denoted
by Fn(v), and the other one adherent to Pg, denoted by Fs(v).
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Obviously
(17) Fy(v) = Fs(—v).

Since K is a connected component of F(v), then K C Fy(v) or K C Fs(v).
This defines a partition of S?~!

O0={res" ' KcFy)}.
By (17), this partition is symmetric:
ve@ = —ves"t\e.

In particular, both © and S"~!\ © are not empty. To reach a contradiction, we
shall show that © is open (then S™~1\ © is also open).

Indeed, from Corollary 16, we conclude that for any £ € 9C' with the interior
ball property, and for any cone V' C C°¢, non-tangential to 9C at &, Vu/|Vu| tends
to the outward normal unit vector to 9C at £, along V.

Now, fix v € S"~!. Choose two points &y,&; € OC \ (Py U Ps), one on each
component, both having the interior ball property. Since (v, & — &) > 0, by the
above remark, we can extend the segment [y, &1] from both ends, so that the new
segment, say [£(,&1], satisfies [£)), &o[C {ug < 0} and |&1,&1] C {uy > 0} for all ¥ in
a neighborhood of v.

Join &} to the boundary of Q by a Jordan arc I'™ such that T~ C {uy < 0} for all
9 in a neighborhood of v. Do the corresponding with & by an arc I'" C {uy > 0},
¢ in a neighborhood of v.

I~ uU[&,&]urlt divides © into two components, and K lies in one of them.
Fn(9) and Fg(¥) lie in different components and F () stays in the same, for all
¥ in a neighborhood of v. This shows that © is open.

By Corollary 17, there is at most one component of Q \ {|Vu| > 0}. This com-
pletes the proof of the proposition. O
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