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Abstract

This paper concerns regularity properties of the mean-field theory of supercon-
ductivity. The problem is reminiscent of the one studied earlier by L.A. Caffarelli,
L. Karp and H. Shahgholian in connection with potential theory. The difficulty
introduced in this paper is the existence of several patches, where on each patch
the solution to the problem may have different constant values. However, using a
refined analysis, we reduce the problem to the one-patch case, at least locally near
“regular” free boundary points. Using a monotonicity formula, due to Georg S.
Weiss, we characterize global solutions of a related equation. Hence earlier regu-
larity results apply and we conclude the C! regularity of the free boundary.

1. Introduction

In analyzing the evolution of vortices arising in the mean-field model of penetra-
tion of the magnetic field into super-conducting bodies, we end up with a degenerate
parabolic-elliptic system (see [8] for details). A simplified stationary model of this
problem (in a local setting), where the scalar stream function admits a functional
dependence on the scalar magnetic potential, reduces to finding « such that

Au=uxgvu>0;, u =0, inB,(xop), (D)

where B, (xo) denotes the ball of radius p centered at { € R"), the equation is in
the sense of distribution, and appropriate boundary data are fulfilled.

Related problems have been studied in [1, 3, 8, 9]; see also the references
therein. However, less attention has been paid to the regularity nature of the solu-
tion function u and the free boundary 9{|Vu| > 0}.

Existence of solutions of the Dirichlet problem associated with this equation
was studied in [7], where the C!-! interior regularity and the local finiteness of the
(n — 1)-dimensional Hausdorff measure of the free boundary was established.
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In this paper, it is our prime goal to analyze the above problem in the context of
regularity theory. Using a refined analysis inspired by techniques introduced in [6],
we reduce the problem to the one-patch case, near “regular” free boundary points.

2. Definitions and known results

In most of the paper, we deal with functions u € C“(Bp (x0)), 0 < p £ o0,
xo € R", which satisfy the differential equation

Al = X{|Vu|>0}s 2
with
IVu(xo)| =0, [ux) —uxo)| < c(1+ |x%), A3)

where c is a fixed positive constant. The differential equation (2) is interpreted in
the sense of distributions.

Notation. We denote by P(c, p, xo) the class of functions u € C!-! (B, (xg)) ver-
ifying (2) and (3). Global solutions to (2), (3) are denoted by P, i.e.,

P = U U m P(c, p, x0).

x0€R” ¢>0 p>0

The most relevant result we use from the regularity theory developed in [6] and
[7], is the following theorem.

Theorem 1 ([6] and [7]). Foru € P(c, p, x0), the following uniform Cl! estimate
holds:
sup | Djju(x)| = C,
Bp/2N{|Vu|>0}
where C is a constant depending only on ¢ and n.

Moreover, the free boundary 0{|Vu| > 0} has locally finite (n — 1)-Hausdorff
measure.

The proof given in [7] should be slightly changed (cf. [6]) so that it holds for
the whole class. However, the proof given in [6] works perfectly in this case.

Definition 1. By Theorem 1, forallu € P(c, p, xo), Au = 1, in the classical sense,
in the set

Q = int{|Vu| > 0}.

Remark 1. If u € P(c, p, x¢) then necessarily |Vu(xg)| = 0, even though xq
might not be in Q¢ := R"” \ Q. If u € P is a global solution, xg does not need to
be the origin and it can be translated since the equation is translation invariant. As
a matter of fact, in Section 6, the origin is carefully chosen using Lemma 7.
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3. Regularity of the free boundary

Before establishing our main result, we need the following definition.

Definition 2. The minimal diameter of a bounded set D C R”, denoted MD(D), is
the infimum of distances between pairs of parallel planes such that D is contained
in the strip determined by the planes.

Definition 3. The density function of Q€ (at the origin) is defined by
MD(Q¢ N B,)

Sp(u) = P

Theorem 2. There exists a modulus of continuity o such that if 8,,(u) > o (po) for
some py < 1/2, then for any u € P(c, 1, xg), the boundary 3{|Vu| > 0} is a C!
graph in B(xg, co ,002). Here cg is a universal constant, depending only on c, and
the dimension n.

This theorem will be a consequence of the lemmas presented in the following
sections, combined with Theorem III in [6], and the main result in [4]. To apply
Theorem 2 to solutions of (1), we need the following lemma.

Lemma 1 ([7], Lemma 10). Assume that u is a non-negative solution to (1) and
xg € 0{|Vu| > 0}. Then u > 0.

Although in Theorem 2 we consider the case of a constant right-hand side (con-
stant in the set {|Vu| > 0}), our analysis works perfectly for solutions of equation
(1). The constant cp in the theorem will then depend on u(x() as well. We leave the
small changes needed in this case to the reader, and continue our analysis in the
rest of this paper for the case shown in equation (2).

4. Further definitions and preliminary results

Given a function u € P(c, p, xg), let us define the r-scaled function of u at xq
as

u(xo +rx) — u(xop)
r2 ’

uy(x) = 0<r=<p, x € B(0).

Set also
Q,:{xeR"; xo—i—erQ}.

By Theorem 1, {u,}o<r<, is a relatively compact family. By the Ascoli-Arzela
theorem, given any sequence of positive numbers {r} tending to zero, there is a sub-
sequence ry — 0 such that u,, converges uniformly on compact sets to a globally
defined function

uo = lim u,, €P.
k—o00

We refer to this function as blow-up of u at x¢ (with respect to the sequence {r¢}).
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Although blow-ups at a fixed point xo € R" might depend a priori on the
sequence ry; — 0, we denote any blow-up at xg by ug. This will cause no confusion
since we do not use more than one blow-up at the same time.

Ifu € P, u, is defined for all r > 0, since the family {u,},~¢ is also relatively
compact, we may consider blowing up at co. We denote any blow-up at 0o by uqc.
As above, this will cause no confusion and eventually u, — us, when r — oo.

Lemma 2. If u € P(c, p, xp), then any blow-up uq at a free boundary point is
either:

— a half-space solution, i.e.,
uo(x) = 3l(x - )P,

for some vg € S"71, or
— a Homogeneous, degree-two polynomial P(x) with AP = 1.

Remark 2. Due to the non-degeneracy of solutions (see [7]), i.e.,

sup u = yr2 +u(y), y € {|Vu| > 0},
B (y)

blow-ups do not vanish identically. Here the constant y depends only on the space
dimension.

Proof (of Lemma 2). We apply the monotonicity formula of ALT, CAFFARELLI &
FRIEDMAN [2] to the positive and negative parts of a directional derivative of u. To
fix the notation, set

2 2

o(r, v, u) = @(r, xo, v, u) : / |V(Duu)+| / |V(Dvu) |
s Vs = y X0, V, = - A5 A
Iy 1x = x01" 7 JB (o) Ix — X0/

where > 0 and (D, u)™* denotes the positive and negative parts (respectively) of
the directional derivative of u in the direction v € $”~!. (In what follows we skip
the xo dependents of ¢.) Fix a sequence r; — 0 such that

ug = lim Upy -
k— 00
Since u,, converges in WP,
@(s, v, u0) = lim (s, v, ur,).
k— 00
Using a change of variable we readily verify that

e, v,u;) =@, v,u).

This and the monotonicity lemma (Lemma 5.1 in [2]; cf. also [6]), which says that
¢ (r, v, u) is monotone with respect to r, give

@(s,v,u0) = lim @(sri, v, u) == (0%, v, u).
k—o00
Hence, for any blow-up uq, ¢(r, v, up) is constant with respect to  and

(/)(r7 v’ MO) = (/)(0+’ v’ u) § (p(r’ v’ u)'
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Remark 3 ([6]). Given v € P,
or,v,v) =0, Vr >0, Vv € Nt
if and only if, for some a € R, v — a is a half-space solution.

Therefore if ug is not a half-space solution, there is v € $"=1 guch that
@(r, v, upg) > 0. By the strong form of the monotonicity formula (see Lemma 2.2 in
[6]), 2¢ = @. Applying Liouville’s theorem to the second-order partial derivatives
of ug, we see that ug is a polynomial of degree two; the homogeneity comes from
the fact that ug(0) = |[Vug(0)| =0. O

In the same way we can prove the following lemma.

Lemma 3. Ifu € P, then any blow-up uso at 0o is either: a half-space solution or
a homogeneous, degree-two polynomial.

Using Remark 3 and the formula
@(r, v, u0) = @07, v, u) < @(r, v, 1) £ 9(007, v, u) = ¢(r, v, Uico),
we can conclude as in the next proposition.
Proposition 1. For functions u € P, the following hold.
— A blow-up ug at xo (€ 0R2) is a half-space solution if and only if
eO0%, v, u)=0, Vves' .

— If some blow-up uq at the origin is a half-space solution, then any blow-up at
the origin is a half-space solution.

— If some blow-up u~ of u at oo is a half-space solution, then u — u(xgp) is a
half-space solution or a translation of one, xo € Q°.

5. The local structure of the patches

In this section we will gather some technical lemmas that will be referred to,
quite frequently, in the rest of the paper.
First we need a definition. For p > 0,0 < < 1,v € §7=1 we define

x|

Lemma 4. Assume that u € P(c, 1, xo) and there exists a blow-up uq at xo that is
a half-space solution, i.e.,

C(p,a,v):={xeR";0<|x|<p,i.u<—1+3}.

uo(x) = $[(x - vo) *1%.
Then, there is p > 0 such that for all v € C(1, %, —vo) N S
2Dyu — |Vul> 20 in By(xo).

In particular, u is non-decreasing in B,(xo), in the direction of v, for all v €
C(L, 3, —vo) ns"~L,
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Proof. It follows from the hypothesis that
Dyug = (x -v0)*vo - v and |Vuol® = [(x - vo) *I%.
Hence, forall v € C(1, %, —vp) N sn—1
2Dyug — |Vugl> =0 in B;.
Fix a sequence ry — 0 such that
o= klinc}o -
By uniform convergence, for all ¢ > 0, there is kp € N such that, for all k = kg
and v € C(1, %, —vp) N 8"~ we have
2D,u,, — |Vu,k|2 2 —¢ in Bj.

Since
2 2, 2> 2 .
—AQ@Dyuy, — |Vup|7) =2|Vou, |- 2 ) in B Ny, ,

we are in a position to apply the same argument as the one in the proof of Lemma
4.2 in [6] to conclude that there is a universal constant &g (independent of u,, and
v) such that ¢ < gy implies

2Dyuy, — |Vuy,|> 20, Vxe B, WveC(, I —vw)ynst

as soon as we choose k big enough. Taking p = %", the lemma is proved. 0O

Lemma 5. Under the assumptions and notation of Lemma 4, for p as in Lemma 4
we have

x0+C(p, 3. v0) C {u = uxo)}.
Proof. For all (fixed)
x €C(p, 3. m),

the function
T—>u(xg+ (1 —1)x) T e€(0,1)

is non-decreasing. Indeed,

%(u(m + (1 =1)x) = —x - Vulxo+ (1 = 7)x) = [x|Dyu(xo + (I — 1)x),

where

b= ﬁ ec(, L —vpyns.
X

By Lemma 4, the derivative is non-negative and the lemma is proved. 0O
Lemma 6. Under the assumptions and notation of Lemma 4, there is p' > 0 (o' =

0'(p)) such that
x0+C(p', 3, w) C Q.
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Proof. Suppose there is a sequence {x;} C C(1, %, vg) N € such that o =
|xx| — 0. Fix a constant T > 0, such that for all k € N,

Bep (i) = {y: Iy —xl S o } € C(1, 3. vp).
By the quadratic growth of u in €2, there is a sequence {yx} such that
Yk € Bepp(xk) VK,
and

o (k™ ) — (o 1) 2y 4)

for some constant y > 0, independent of k.
Now, by Proposition 1, any blow-up of u at x¢ is a half-space solution. In
particular
limi(r)lfu,(x) =0 VxeR"
r—

On the other hand, by Lemma 5,

limsupu,(x) £0, Vx e C(oo, %, v0).

r—0
Hence, for all x € C (o0, %, Vo),

Iim u,(x) = 0.
r—0

Since {px'yt} and {px 'x} are two bounded sequences contained in
C(2, 5. v0).

lim w,, (ox ™ yi) — tp (ox ' 2%) = 0,
k—o00

which is a contradiction to (4). 0O

6. Global solutions with compact ¢

In this and the next section, we characterize global solutions. This characteriza-
tion is useful for a further study of convexity properties. It is shown that any global
solution to (2), with quadratic growth, either solves

Au = Xu=q inR", u>a, 5)

for some a € R, or it is a degree-two polynomial.

Equation (5) was treated by CAFFARELLI in relation with the obstacle problem;
see [5] and the reference there. The above shows that, as far as global solutions are
concerned, (2) reduces to the one-patch problem treated in [6]: Given u € P, there
is a € R, such that

Au=yq inR"

u=a, |Vu|=0 in Q°.
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Theorem 3. Let u € P and assume that Q° is non-empty and compact. Set

sup u(x) = a.
xee

Then
u(x) Za VxeR".

In particular, according to [5] (see also [4]), Q€ = {u = a} is convex.

Before we prove the theorem, we need several lemmas. Changing u by u — a,
we can assume, without loss of generality, that a = 0.

Lemma 7. Letu € P and assume that Q€ is a non-empty compact set. Furthermore
assume

sup u(x) = 0. (6)

xeQe
Then for a suitable choice of the origin, for all x # 0 fixed, the function

u(rx)
2

r

is non-decreasing.

Proof. Denote by V the Newtonian potential of Q€, i.e

= /| TR

This is a bounded super-harmonic function in R". Since V is harmonic in €2,
due to the maximum principle there is at least one point £y € Q¢ such that

V() = V(x), VxeR"

Choose the origin at &p.
Since

Au—-V)=1
in the sense of distributions and all second-order partial derivatives of u — V
are bounded harmonic functions, the Hessian of u — V is a constant matrix, by
Liouville’s theorem.
Hence u — V is a polynomial of degree two. Set

P(x)=ulx)— V() —u(0)+ V().

Note that [VV(0)| = |Vu(0)| = 0. Hence P(0) = |[VP(0)| = 0, and this
implies that P is homogeneous.
Now consider the function

h(x) =x-Vu(x) —2u(x).



Free-Boundary Regularity 123

The function is continuous in R”, and for all x # 0 fixed,

d (u(rx) 1
E( r2 ):};h(rx)

We will show that /4 is non-negative in R”. In fact

hix) = —2u(x) 20 VxeQ°.
On the other hand, by the homogeneity of P,
h(x) =x-VV(x)—=2V(x)+2V(0) — 2u(0)
then
lim h(x) =2V (0) —2u(0) = 0.
|x]—00
Since i harmonic in €2, by the minimum principle, / is positive in Q. O

Corollary 1. Under the hypothesis of Lemma 7, for all k 2 0, the set {u < «} is
star-shaped with respect to the origin.

Remark 4. The family u, (x) = u(rx)/r? indexed by r is not relatively compact,
since a priori u(0) # 0. Therefore, the monotonicity given by Lemma 7 does not
mean that the blow-up at the origin is convergent.

Lemma 8. Let u € P and assume (6). Then any blow-up ug of u at xo € 9o,
where Ay := Q¢ N {u = 0}, is a half-space solution.

Before we prove this lemma, we need a result concerning a balanced energy
functional, introduced by G.S. Weiss. We shall use a slightly different version of
Weiss’ formula. Define

D(r,u, xp) = r_"_2/ (|Vu|2 + 2u) — 3 / 2u’.
B, (x0) 9By (x0)

The following result is basically due to WEISS, see [10]. For the reader’s con-
venience, we also give a proof.

Lemma 9 (Weiss). Let u € P and assume (6). Then for all xo € R", ®(r, u, xo) is
non-decreasing with respect to r.

Remark 5. The hypothesis (6) is crucial for the proof of Lemma 9. The lemma
fails if we replace u by u — u(xp), unless u(xgp) = 0. We can use this lemma in
conjunction with blow-ups only when xo € dAg. Nevertheless, it is convenient to
write @ (r, u, xg) in terms of

ur(x)zw, r > 0.

In that case

O(r,u, xp) = f <|Vur|2 + 2ur> — / 2ur2.
B1(0) 3B1(0)
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Proof of Lemma 9. We shall prove that the derivative of ®(r, u, xg) with respect
to r is non-negative.
Indeed,

CI)/(V) = / (ZVI/{, . Vur/ +2Mr/) — / 4urur/ ,
By 0B

where

1
u/ (x) = Eur(x) == (Vuy -x —2u,) .

Using integration by parts,

/ 2Vu, - Vu,' :/ 2(Vu, - nu,’ —/ 2Au,u,’ .
B 9By B

Since
Vu, - x =ru,’ (x) + 2u,

and » = x on 9By,
o)1= [ 2w+ [ 20 rau
0B B

The first integrand above is non-negative. The second one is also non-negative since
we have assumed u(x) S Oforallx € Q. 0O

Since u,” = 0 if and only if u is homogeneous of degree two, the above expres-
sion leads to the following important conclusion, already found in Weiss’ paper for
the obstacle problem.

Corollary 2 (Weiss). Under the hypothesis of Lemma 9, the function
v(x) = u(xo + x)

is homogeneous of degree two if and only if ®(r, u, xo) is constant with respect to
r.

Remark 6. Let P be a degree-two homogeneous polynomial, with AP = 1. Then
d(r, P, 0) does not depend on r nor on P.

By this lemma we can set

1 2
o, =@, P,0) == Xy.
2 /g,

where x7 is the first coordinate component of x € Bj. This is twice the value of
®(r, U, 0), when U is a half-space solution,

(. U,0) = “7
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Remark 7. Let u € P and xp € 9€2. Since by uniform convergence,
q)(rs uo, 0) = q)(OJr, u, xO) g d>(r1 u, xO) é (I)(OO*, u, xO) = CD(}", Uoo, O)

and any blow-up or blow-down is homogeneous, we are left with only three possi-
bilities:
+ - &n
P07, u, x0) = (00, u, x0) = —,
or o
®(07, u,x0) = == and ®(00",u, X0) = oy,

or
CD(}", Ll(), O) = @(OO_, lfth) = al’l .

Proof of Lemma 8. If uq is a polynomial, then ® (0%, u, xg) = a,. Since o is
the maximum value of ® (7, u, xg),

O(r,u, xg) =a, Vr >0.

This means that u itself is a polynomial. This contradicts the assumption
Q£0. O

Proof of Theorem 3. Recall from Lemma 7 that the origin is now fixed, and be-
longs to Q°. If 0 € 3{u < 0}, then 0 € dAg. By Lemma 7 and Lemma 8 ,

lim u,(x) = inf u, (x) = ug = 0.
r—0 r>0

The theorem is proved in this case.

If xg is an interior point of {# < 0}, then by Corollary 1, the interior of {# < 0}
is connected.

By Lemma 8 and Lemma 6, Ag contains a truncated cone. Since u is subhar-
monic in the interior of {u < 0} and the interior of Ag # @, by the maximum
principle,

{u 0} ={u=0).

This completes the proof of the theorem. O

7. Global solutions with unbounded Q¢

Theorem 4. Let u € P such that int(Q2°) is non-empty and unbounded. Then, there
isa € Rsuch that u 2 a and Q° = {u = a}.
In particular, according to [5] (see also [4]), Q€ is convex.

Proof. Suppose that some blow-up us, of u at infinity is a half-space solution.
Then, by the third statement in Proposition 1, # — u(x¢) is a half-space solution
(modulo translation), Vxg € €. And the theorem follows in this case.

Now, if no blow-up at infinity is a half-space solution, then by Lemma 3 we
may assume that any blow-up u is a polynomial. The assumption int(2¢) # ¢
prevents from u from being a polynomial, except in the trivial case u = a.
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Since Q¢ is unbounded, there exists a sequence x/ € 9L tending to co. In this
case we may scale by R; = |x/| so as to obtain, in the limit, a global solution with
a free boundary X on the unit sphere. By homogeneity then the ray X must lie in
the free boundary. It thus follows that D.u~, = 0, for e = x/|x|. Hence

0= g e, u) < (oo, e, u) = ¢(1, e, i) =0,

and we conclude that D,u does not change sign for e = x/|x|, we assume, without
lost of generality, D.u = 0 (otherwise we replace e by —e).
Now, for some x¢ with B, (xg) C {|Vu| = 0}, we can show that

{x —se: x € B,(x9), s >0} C {|Vu| =0}.

In particular the sequence u,, (x) := u(x —me) —u(xp) is bounded (for any fixed x)
and monotone. Thus it has a limit as m tends to infinity. It follows, moreover, that
the limit function is independent of the e-direction. Therefore we will have an
(n — 1)-dimensional solution .

First, suppose the lower-dimensional function % is either a half-space solution,
or falls into the hypotheses of Theorem 3. Then the lower-dimensional solution
is convex and non-negative. Since D.u = 0 we conclude that u = 0 (or more
correctly u(x) — u(xp) = 0).

Due to the convexity of #, the positivity of u, and the fact that D.u = 0, we
must have {|Vu| = 0} connected. Hence we are reduced to the case of u = u(xq)
in the set {|Vu| = 0}, and we can apply [6] to conclude that u is convex.

Next, if the lower-dimensional solution % is neither of the above it must fall into
the third category analyzed above. Hence we repeat our argument and translate
again in a new direction and reduce the dimension further. Finally, by induction,
we need to classify the one-dimensional solutions. However, the one-dimensional
problem is solved by x12 /2, (max (0, x1))?/2, or two separated solutions of the lat-
ter. Obviously any rotation of these are also possible solutions. And these all are
non-negative solutions. 0O

8. Proof of Theorem 2

By the classification of global solutions, made in Sections 6 and 7, we have
already proved that the global solutions of our problem coincide (in nature) with
that of [6] and hence the proof of Theorem 2 follows the same pattern as that of
Theorem III in [6].

The original result (see [4] or [5]) for non-negative solutions in the class
P(c, 1, xp), provides us with the following lemma.

Lemma 10. Given a positive number ¢, there exists t, such that if u € P and
81(u) = ¢, then in B(0, 1) (Vt < t,) the boundary of 2 is the graph of a C' func-
tion (uniformly for the class) and u is (et?)-close to a half-space solution there.

Now a simple proof of Lemma 10 can be given based on compactness, a contra-
dictory argument, and the main result in [4]. Observe also that by classification of
global solutions in Section 6 and 7, u € P is non-negative. Therefore [4] applies.
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Lemma 11. Let e, s > 0, and u € P(c, 1, xo). Assume that for some vy € S"~1,

1
sup |u(xo+x) — =[(x - vo) 1| < es.
x€By(0) 2

Then
sDyyu — |Vul> Z 0 in Byp(xo),

provided ¢ is small enough.

The proof of the above lemma follows the same lines as that of the proof of
Lemma 4.

For the following lemma, recall Remark 2, and the constant y there, and suppose
0<e<y/2.

Lemma 12. For 0 < ¢ < y /2, there exists p. > 0 such that if, for some p < p,
andu € P(c, 1, x9), 8,(u) 2 ¢, then ( for some direction vo = vo(u))

x0+ C(p, 3, v0) C QN By(x0) C {u=ulxo)}, 7)
and
u 2 u(xp) in B, (xo). 8)

Proof. Let p; < 1,/2 (with #; as in Lemma 10), and suppose 8,, (#) = €. Hence
the hypothesis in Lemma 11 is fulfilled. In particular, we may use Lemmas 10 and
11, to observe that hypotheses in Lemmas 5 and 6 are fulfilled. Hence the first
inclusion in (7) follows in a similar fashion to that in the proof of Lemmas 5 and 6.
Here, however, we should notice the uniformity due to Lemmas 10 and 11, so that
p1 is independent of u.

Now the assumption 8, (i, xo) = ¢ implies
820 (U, y) Z €/2 Yy €d{|Vul > 0} N By, (xo),
and an argument similar to that above applies. Hence we have
y+Clp1, 3, vy) € QF, Vy € d{|Vul > 0} N B, (x0).

Since the opening of the cones are large enough they must overlap. This, in turn,
implies that u is constant in Q€. Finally (8) follows by applying Lemma 11, and
using (7). O

Now from the above lemma it follows that u does not change sign, the set
{IVu| = 0} is connected and the free boundary 9{|Vu| > 0} is locally (in a
uniform neighborhood, depending on the modulus of continuity o (r)) a Lipschitz
graph. The rest now follows as in [5], or [6].
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